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The non-optimal treatment of depolarization in current approaches to evaluate 
Mueller matrix measurements may lead to systematic measurement errors and 
inadequate uncertainty estimations. We developed a novel method to derive best-
fitting sample parameters and reliable corresponding uncertainties from measured 
Mueller matrices in a physically reasonable way. 

1 Introduction 

Spectroscopic ellipsometry is a versatile tool to 
measure dimensional or optical parameters of sur-
face layers or structures. For determining the pa-
rameters, the solution of an inverse problem is 
needed. It is achieved by a fitting procedure, which 
compares simulated to measured quantities within 
a merit function to be optimized. 

Our goal is to attain reliable and traceable Mueller 
matrix (MM) ellipsometry for dimensional nanome-
trology. To realize that, a full uncertainty considera-
tion is necessary. 

Providing realistic measurement uncertainties, 
hardware, measurement and analysis induced un-
certainty contributions have to be regarded. Here 
we focus on the last two aspects. 

2 New optimization method 

In order to consider these uncertainty contributions 
first it was necessary to treat depolarization and 
measurement noise in a reasonable way. Com-
monly used merit functions treat depolarization as a 
residual error in the optimization process and the 
best-fit solution has the smallest overall one. In-
stead, we use depolarization to derive a weighting 
for our merit function and do not treat it as an object 
to be minimized. In this way we ensure to treat de-
polarization as an optical property (e.g. through 
roughness of surface) and after some computation 
([2]) we end up first in the new merit function 

with the measured Cloude covariance matrix ࡴ௠ 
([1]) and the simulated Jones-element vector ࢐௦.  

Including also measurement noise in the new opti-
mization method we extended (1). To that purpose 
we exploit raw data provided by our Sentech SE 850 
ellipsometer (Fig. 4) and get not only the best-fit 
MM-element vector ࢓ but also its covariance matrix 

 ௠. At the end thereࡴ ௠ which is propagated then toࢳ
is a so-called Cloude-filtered matrix ࡴ஼ி  in the merit 
function (instead of ࡴ௠), which is calculated from 
the mean filtered MM. Further details of the new op-
timization method will be published soon. 

3 Application on simulated data 

To ensure the operability of our new merit function, 
we first tested it for simulated data of an SiO2-Si 
layer model (Fig. 1). To get data containing depolar-

ization, MMs (for an angle of inci-
dence of 70°) were calculated for a 
large number of Gaussian distributed 
SiO2 layers (mean: 2 nm, standard 
deviation: 0.1 nm). The mean of all 
calculated MMs gives a depolarizing 
MM. The new merit function returned 

exactly the preset standard deviation of 0.1 nm. In 
contrast, common merit functions result in ex-
tremely small and wrong uncertainties (e.g. 0.0002 
nm). In the next step we tested the new merit func-
tion for noisy MM data with different uncorrelated 
noise levels and 3 different SiO2 layer thicknesses 
(2 nm, 50 nm, 100 nm). With increasing noise level 
the uncertainty of the SiO2 thickness increases (Fig. 
2).    

 

Fig. 2 Simulated layer thickness uncertainties vs. MM 
noise variance levels for different SiO2 thicknesses  
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Fig. 1 Simu-
lated model 
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For typical experimental MM noise variances of 
about 10-9 to 10-10 a slightly increased uncertainty is 
expected. This behaviour is confirmed by a 
corresponding Bayes analysis, see Fig. 3, which 
shows for a 2 nm layer thickness an approximately 
Gaussian posterior layer thickness distribution.   

 

Fig. 3 Posterior layer thickness distribution for a 2 nm 
SiO2 layer thickness (Bayes analysis for a MM noise var-
iance level of 10-10) 

4 Application on measured data 

For the application on real data we used measure-
ment data obtained on Si wafers with ellipsometers 
from Sentech (Fig. 4).  

 

Since the new merit function can also be extended 
to a likelihood function, it enables the use of the 
Bayesian information criterion (BIC). Tab. 1 shows 
the result of this analysis using an SiO2-Si model as 
in Fig. 1 for two different dispersion data sets. Model 
2 leads to a smaller BIC value and is thus the better 
model (also yielding a smaller ߯ 2value). Please note 
that the better model according to the Bayes infor-
mation criterion yields in this case a larger uncer-
tainty for the layer thickness. The corresponding 
posterior layer thickness distribution is shown in 
(Fig. 5).  

 

Fig. 5 Posterior distribution for the SiO2 layer thickness 
for Model 2 of Table 1. The distribution is approximately 
Gaussian and in good agreement with the according max-
imum-likelihood results.   

5 Summary and Outlook 

The presented application examples confirm that 
the new optimization method takes depolarization 
and measurement noise correctly into account and 
yields plausible results. Furthermore, it turns out, 
that the now obtainable Bayesian information crite-
rion is a suitable tool for judging different models. 
The next steps will be further tests on layer thick-
ness standards and laterally structured samples. In 
addition, the method will be extended to include the 
influence of hardware parameters.  

References 

[1] S.R. Cloude, "Conditions For The Physical Realisa-
bility Of Matrix Operators In Polarimetry", Proc. SPIE 
1166, Polarization Considerations for Optical Sys-
tems II, (1990) 

[2] R. Ossikovski, O. Arteaga. “Integral decomposition 
and polarization properties of depolarizing Mueller 
matrices.” Optics letters 40.6 (2015): 954-957 

[3] L. V. Rodríguez-de Marcos, J. I. Larruquert, J. A. 
Méndez, J. A. Aznárez. Self-consistent optical con-
stants of SiO2 and Ta2O5 films, Opt. Mater. Express 
6, 3622-3637 (2016) (Numerical data kindly provided 
by Juan Larruquert) 

[4] G.E. Jellison Jr. “Optical functions of silicon deter-
mined by two-channel polarization modulation ellip-
sometry.” Optical Materials 1.1 (1992): 41-47 

Dispersion data Model 1 [4] Model 2 [3] 

hSiO2[nm]  
(mean val.) 

1.80 2.19 

 0.70 0.85 [nm] ߪ

߯ 2 (opt.:1) 1.15 1.13 

BIC  
(Model 1 = 0)   

0 -201 

 

Tab. 1 SiO2 layer thickness data obtained using two dif-
ferent dispersion data.  

Fig. 4 Sentech SE 850 spectroscopic Mueller ellipsome-
ter to measure the full Mueller matrix 
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